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Abstract
It is shown that coherence resonance, a phenomenon in which regularity of noise-induced
oscillations in nonlinear excitable systems is maximized at a certain optimal noise intensity, can be
observed in quantum dissipative systems. We analyze a quantum van der Pol system subjected to
squeezing, which exhibits bistable excitability in the classical limit, by numerical simulations of the
quantum master equation. We first demonstrate that quantum coherence resonance occurs in the
semiclassical regime, namely, the regularity of the system’s oscillatory response is maximized at an
optimal intensity of quantum fluctuations, and interpret this phenomenon by analogy with
classical noisy excitable systems using semiclassical stochastic differential equations. This
resonance persists under moderately strong quantum fluctuations for which the semiclassical
description is invalid. Moreover, we investigate even stronger quantum regimes and demonstrate
that the regularity of the system’s response can exhibit the second peak as the intensity of the
quantum fluctuations is further increased. We show that this second peak of resonance is a strong
quantum effect that cannot be interpreted by a semiclassical picture, in which only a few energy
states participate in the system dynamics.

1. Introduction
There are many real-world systems where noise brings order into their dynamics [1–8]. Stochastic
resonance is a well-known example of such noise-induced order, where the response of a system to a
subthreshold periodic signal is maximized at a certain noise intensity [9]. It was first proposed as a model
for the recurrence of the ice ages [10, 11] and experimentally demonstrated using an ac-driven Schmitt
trigger [12]. Functional roles of the stochastic resonance in biological systems, such as those in the
mechanoreceptors of the crayfish [13] and in the electrosensory plankton feeding of the paddlefish [14],
have also been revealed. The possibility of stochastic resonance in quantum systems has also been
considered theoretically [15–17] and the first experimental demonstration of the quantum stochastic
resonance has recently been performed using an ac-driven single-electron quantum dot [18].
Coherence resonance, which was first coined by Pikovsky and Kurths [19], is another example of such
noise-induced order, where regularity of noise-induced oscillations in an excitable system is maximized at a
certain intermediate noise intensity. It occurs as a result of two controversial effects of the noise, namely,
increase in the regularity of the oscillatory response caused by noisy excitation and decrease in the regularity
due to noisy disturbances. Coherence resonance was first demonstrated near a saddle-node on invariant
circle (SNIC) bifurcation [20] and also near a supercritical Hopf bifurcation [19] of limit cycles. Since then,
a number of theoretical investigations have been carried out for various dynamical systems [3, 21],
including chaotic systems [22], spatially extended systems [23], and realistic models of microscale devices
such as semiconductor superlattices [24] and optomechanical systems [25]. It has also been used to model
the periodic calcium release from the endoplasmic reticulum in a living cell [26, 27]. Experimental
demonstration of coherence resonance has been performed in electrical circuits [28], lasers [29, 30],
chemical reactions [31], optically trapped atoms [32], carbon nanotube ion channels [33], and
semiconductor superlattices [34].
© 2021 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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In contrast to stochastic resonance, coherence resonance in quantum systems has not been explicitly
discussed in the literature. In lasers, the noise essentially comes from quantum mechanical effects [3, 35],
but coherence resonance has so far been analyzed only from a classical viewpoint. Considering the recent
developments in the analysis of limit-cycle oscillations in quantum dissipative systems where
synchronization phenomena similar to those in noisy classical oscillators are observed [36–42], it is natural
to analyze coherence resonance in quantum dissipative systems.
In this paper, we demonstrate that coherence resonance occurs in a simple quantum dissipative system,
which we call quantum coherence resonance. We analyze a quantum van der Pol (vdP) system [36–46]
subjected to squeezing [38], which is near an SNIC bifurcation [47, 48] of a limit cycle in the classical limit,
in the semiclassical and strong quantum regimes by direct numerical simulations of the quantum master
equation. In the semiclassical regime, we show that the normalized degree of coherence, which characterizes
regularity of the system’s oscillatory response, is maximized at a certain optimal intensity of quantum
fluctuations, and discuss this resonance phenomenon on the analogy of classical noisy oscillators by using a
stochastic differential equation (SDE) for the system state in the phase space fluctuating along a
deterministic classical trajectory due to small quantum noise. We show that this peak in the degree of
coherence persists even in the quantum regime where the semiclassical SDE is not valid. We then consider
even stronger quantum regimes and show that the system can exhibit the second peak in the degree of
coherence when the intensity of quantum fluctuations is further increased. We argue that this second peak
of resonance is an explicit quantum effect resulting from small numbers of energy states participating in the
system dynamics, which cannot be described using a semiclassical picture.

2. Quantum van der Pol system subjected to squeezing
As a minimum model exhibiting quantum coherence resonance, we consider a single-mode quantum vdP
model subjected to squeezing [38], which is an excitable bistable system slightly before the onset of
spontaneous limit-cycle oscillations in the classical limit. We consider the case where the squeezing is
generated by a degenerate parametric amplifier [49]. Such a system can be experimentally implemented
using trapped ions and optomechanics as discussed in [38].
We denote by ω 0 the frequency parameter of the vdP system, which gives the frequency of the harmonic
oscillation when the damping and squeezing are absent, and by ω sq the frequency of the pump beam of
squeezing. In the rotating coordinate frame of frequency ω sq /2, the evolution of the system is described by
the following quantum master equation [38, 39]:
!
"
ρ̇ = −i −∆a† a + iη(a2 e−iθ − a†2 eiθ ), ρ + γ1 D[a† ]ρ + γ2 D[a2 ]ρ,

(1)

where ρ is the density matrix of the system, a is the annihilation operator that subtracts a photon from the
system, a† is the creation operator that adds a photon to the system, ∆ = ωsq /2 − ω 0 is the detuning of the
half frequency of the pump beam of squeezing from the frequency parameter of the system, ηeiθ (η ! 0,
0 " θ < 2π) is the squeezing parameter, D[L]ρ = LρL† − (ρL† L − L† Lρ)/2 is the Lindblad form
representing the coupling of the system with the reservoirs through the operator L (L = a or L = a†2 ),
γ 1 > 0 and γ 2 > 0 are the decay rates for negative damping and nonlinear damping due to coupling of the
system with the respective reservoirs, and the reduced Planck constant is set as ! = 1. The two dissipative
terms in equation (1) are the quantum analogs of negative damping and nonlinear damping terms in the
classical vdP model [50].
the phase space approach
51], we
t) = π12
# Employing
$
% [49,
&' can introduce the Wigner distribution∗ W(α,
∗
∗
∗
†
∗
T
2
dλ dλ exp (−λα + λ α) Tr ρ exp λa − λ a corresponding to ρ where α = (α, α ) ∈ C , λ,
λ∗ ∈ C, and ∗ indicates complex conjugate. Then we can derive the following partial differential equation
for W(α, t):
*
()
+
γ1 + 2γ2
∗ 2
iθ ∗
∂t W(α, t) = − ∂α
+ i∆ α − γ2 α α − 2η e α W(α, t)
2
(
)
*+
γ1
1
1
γ2
+ 2γ2 |α|2 −
(2)
+ ∂α ∂α∗
W(α, t) + ∂α2 ∂α∗ αW(α, t) + H.c.,
2
2
2
4
where H.c. denotes Hermitian conjugate. Note that the third-order derivative terms exist, which are
characteristic to quantum systems. As we discuss below, the nonlinear damping constant γ 2 controls the
intensity of quantum fluctuations in this system.
In the semiclassical regime where γ 1 $ γ 2 , the amplitude |α| takes large values on average. The
third-order derivative terms in equation (2) can then be neglected (see e.g. [36, 41]) and the coefficients of
2
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the second-order derivative terms are positive. We can thus obtain the following semiclassical SDE in the Ito
form:
*
)

γ1 + 2γ2
∗ 2
iθ ∗
2
) *
*
)
*)
+ i∆ α − γ2 α α − 2η e α 

D(α, α∗ ) 1 i
α
dw1
2


*
)
d
=
,
(3)
 dt +
γ1 + 2γ2
α∗
dw2
1 −i
2
− i∆ α∗ − γ2 αα∗2 − 2η e−iθ α
2

where D(α, α∗ ) = γ21 + 2γ2 (|α|2 − 12 ) and w 1 and w 2 are independent Wiener processes satisfying
%dw i (t)dwj (t)& = δ ij dt with i, j = 1, 2. Representing the complex variable α using the modulus R and
argument φ as α = Reiφ , we obtain the SDEs for these variables as
2
)
*
γ1 + 2γ2
D(R)
3
R − γ2 R − 2ηR cos(2φ − θ) + Y(R) dt +
dwR ,
dR =
2
2
2
1 D(R)
dwφ ,
dφ = (∆ + 2η sin(2φ − θ)) dt +
R
2

(4)
(5)

where wR and w φ are independent Wiener processes satisfying %dw k (t)dwl (t)& = δ kl dt with k, l = R, φ,
D(R) = γ21 + 2γ2 (R2 − 12 ), and Y(R) = D(R)
2R is a term arising from the change of the variables by the Ito
formula.
Without squeezing, i.e. η = 0, the system in the classical limit, described by the deterministic part of the
semiclassical SDE (3), corresponds to a normal form of the supercritical Hopf bifurcation [48], also known
as the Stuart–Landau oscillator [52] (therefore the quantum vdP model is also called the quantum
Stuart–Landau model recently [45, 53, 54]). When the squeezing exists, i.e. η '= 0, the system has two stable
fixed points for ∆ " 2η as can be seen from the drift term in equation (5). These fixed points annihilate
with their unstable counterparts via a SNIC bifurcation at ∆ = 2η and a stable limit-cycle arises when
∆ > 2η; the argument φ continuously increases when ∆ > 2η, while φ converges to either of the fixed
values when ∆ < 2η.
When the system in the classical limit is slightly below the SNIC bifurcation, i.e. when ∆ is slightly less
than 2η, the system can exhibit oscillatory response
excited by the noise. From equation (4), the amplitude
3
γ1
of this noisy oscillation is approximately O( γ2 ) and therefore D(R) = O(γ1 ). Thus, the intensity of noise
3
√
) = O( γ2 ) and is characterized by the nonlinear damping parameter γ 2 ; the
acting on φ is O( R1 D(R)
2
larger the value of γ 2 , the stronger the quantum fluctuations acting on the variable φ are. In the following
analysis, we fix the negative damping parameter γ 1 and vary γ 2 to control the intensity of the quantum
fluctuations. We note that fixing γ 1 to a constant value can always be performed by appropriately rescaling
the time and other parameters [39].

3. Quantum coherence resonance
3.1. Semiclassical regime
First, we numerically analyze the quantum master equation (1) in the semiclassical regime with small
nonlinear damping γ 2 . In this regime, we can approximately describe the system by the semiclassical SDEs
(3)–(5). Numerical simulations are performed by using QuTiP numerical toolbox [55]. We define the
autocovariance and normalized power spectrum of the system as
4 ∞
C(τ ) = %a† (τ )a(0)& − %a† (τ )&%a(0)&,
S̄(ω) =
dτ eiωτ C(τ )/C(0),
(6)
−∞

where %A& = Tr [Aρ] is the expectation value of A with respect to ρ in the steady state. We set the
parameters such that the system in the classical limit is near an SNIC bifurcation and vary γ 2 . We fix the
parameter γ 1 at γ 1 = 1 without loss of generality, as it can be eliminated by rescaling the time in the master
equation (1).
In classical coherence resonance, the regularity of the system’s response is quantitatively characterized
from the (non-normalized) power spectrum by β = hω p /(∆ω h ), where ωp , h, and ∆ω h are the peak
frequency, peak height, and width of the spectrum, respectively [20]. In the present case, the amplitude of
the response varies with the parameter γ 2 , because the deterministic part of the SDE (3) explicitly depends
on γ 2 . Since the amplitude of the response is not relevant to the regularity of the response, we define a
degree of coherence by using the normalized power spectrum as
β̄ = S̄(ωp )ωp /(∆ω),
3

(7)
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Figure 1. Results in the semiclassical regime. (a)–(c) Normalized degree of coherence β̄ vs nonlinear damping constant γ 2
(intensity of the quantum fluctuations). (d)–(f) Steady-state Wigner distributions for γ 2 = 0.01 (d), 0.017 (e), 0.03 (f). (g)
Power spectra for γ 2 = 0.01 (blue), 0.017 (red), and 0.03 (green). The other parameters are ηeiθ = 0.025, ∆ = 0.0375 (a) and
(d)–(g), ηeiθ = 0.02, ∆ = 0.0275 (b), and ηeiθ = 0.03, ∆ = 0.05 (c). The negative damping rate is fixed at γ 1 = 1.

where ωp = arg maxω S̄(ω), S̄(ωp ), and ∆ω are the peak frequency, peak height, and full width at half
maximum of S̄(ω), respectively, and we use this β̄ to quantify the regularity of the response.
Figures 1(a)–(c) show the dependence of the degree of coherence β̄ on the nonlinear damping constant
γ 2 , i.e. on the intensity of quantum fluctuations in the semiclassical regime for three different parameter
settings. We can observe that β takes a maximum value at a certain value of γ 2 in each figure. The locations
of these peaks are γ 2 = 0.017, 0.016 and 0.014 in figures 1(a), (b), and (c), respectively. This result indicates
that there exists an optimal intensity of the quantum fluctuations that maximizes the regularity of the
oscillatory response, namely, the quantum coherence resonance occurs in the present system in this
semiclassical regime.
The steady-state Wigner distributions at γ 2 = 0.01, 0.017, and 0.03 for the parameter setting used in
figure 1(a) are shown in figures 1(d)–(f). In each figure, the distribution is localized around the two stable
fixed points on an ellipse connecting them in the classical limit. The normalized power spectra S̄(ω) of the
system are shown in figure 1(g) for three values of γ 2 . Note that the amplitude of the noise-induced
oscillations depends on γ 2 ; the normalization of the power spectrum reduces this dependence and allows us
to focus on the regularity of the oscillations. The dependence of the power specta on γ 2 in figure 1(g) is
similar to that for coherence resonance of a classical FitzHugh–Nagumo system in the bistable excitable
regime discussed in [56], which has a peak at a positive value of ω reflecting that counter-clockwise
stochastic rotations of the system trajectory in the phase-space representation are dominant in this
regime.
Time evolution of a single trajectory of the semiclassical SDE (3) after the initial transient is shown in
figure 2. Figure 2(a) shows the trajectory at γ 2 = 0.017 on the x–p plane with x = Re α and p = Im α,
corresponding to the steady-state Wigner distribution in figure 1(e) for which the semiclassical
approximation is valid. As the system in the classical limit is slightly below the SNIC bifurcation, it has two
stable fixed points represented by the red dots. The quantum fluctuations induce stochastic oscillations
between these two points by kicking the system state out of these fixed points, as shown by the blue curve.
On the analogy of classical coherence resonance in noisy excitable systems, the quantum coherence
resonance phenomenon in the semiclassical regime observed above can be understood as follows.
Figures 2(b), (d), (f) and (c), (e), (g) show the time evolution of x and p for the three cases with γ 2 = 0.003
(b), (c), 0.017 (d), (e), and 0.05 (f), (g), respectively. When γ 2 = 0.003, the quantum noise is too weak and
the system state hardly takes a round trip around the two stable fixed points. The response of the system is
weak and irregular. For intermediate noise intensity with γ 2 = 0.017, the noise excites round trips of the
system state more frequently, leading to the more regular response. When γ 2 = 0.05, the noise is too strong
and induces irregularity of the response. These results provide a semiclassical interpretation of the existence
of the optimal value of γ 2 in figure 1(a), which was obtained from the quantum master equation (1).
4
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Figure 2. Time evolution of a single trajectory of the semiclassical SDE (3) with ηeiθ = 0.025, ∆ = 0.0375 and γ 1 = 1. (a)
Trajectory on the x–p plane (x = Re α and p = Im α) at γ 2 = 0.017 for 0 " t " 1000 (blue curve). Stable fixed points in the
classical limit are indicated by the red dots. (b), (d) and (f) Time evolution of x for γ 2 = 0.003 (b), 0.017 (d), and 0.05 (f). (c),
(e) and (g) Time evolution of p for γ 2 = 0.003 (c), 0.017 (e), and 0.05 (g).

It is interesting to note that the round trips in figure 2 are induced by the noise representing quantum
fluctuations. Therefore, quantum coherence resonance in this regime can also be interpreted as a
noise-enhanced quantum tunneling, which is similar to the quantum tunneling effects observed in the
quantum stochastic resonance [16, 17] and in the transition between metastable states of the dispersive
optical bistability [57–59].
3.2. Weak quantum regime
Next, we consider the weak quantum regime with moderately strong quantum fluctuations, where the
nonlinear damping γ 2 and the detuning frequency ∆ are larger than the previous semiclassical regime. In
this regime, the power spectrum generally takes two distinct peaks at ωp and −ωp (see figure 3(j)) and we
cannot simply measure the total width of these two overlapped peaks since it may yield inappropriate values
of the normalized degree of coherence β. Therefore, we evaluate the value of β using only the highest peak
of the power spectrum. To this end, we fit the normalized power spectrum by the Gaussian mixture model
5

(ω − ω̄)2
S̄(ω) ≈ h1 exp −
2σ12

6

5
6
(ω + ω̄)2
+ h2 exp −
,
2σ22

(8)

where h1 and h2 (h1 ! h2 ) are the heights, σ 1,2 are the standard deviations, and ±ω̄ are the mean values of
the Gaussian distributions, and approximately evaluate the normalized degree of coherence as
β̄ ≈ β̄ G = h1 ω̄/∆ω̄

(9)

√
with ∆ω̄ = 2σ1 2 ln 2 representing the full width at half maximum of the Gaussian distribution with
standard deviation σ 1 . Using this quantity, we can appropriately measure the normalized degree of
coherence even when the normalized power spectrum has two peaks.
Dependence of β̄ G on γ 2 are shown in figures 3(a)–(c) for three different parameter settings. It is
remarkable that β̄ G also has a peak at a certain value of γ 2 in all figures. The peaks occur at γ 2 = 0.36, 0.36,
and 0.53, respectively. Thus, we observe quantum coherence resonance also in this quantum regime with
moderate quantum fluctuations. Here, we stress that the semiclassical SDEs are no longer valid at these
values of γ 2 . As γ 2 becomes larger, truncation of the third-order derivative terms in equation (2) and
approximation by the SDE (3) become less accurate, and further increase in γ 2 leads to negative values of D,
for which the approximation by the SDE (3) is no longer possible. The second increase in β̄ G at large γ 2 in
figures 3(a)–(c) is due to strong quantum effects and will be discussed in the next subsection.
Wigner distributions, elements of the density matrix ρ with respect to the number basis, and normalized
power spectra in the steady state are shown in figures 3(d)–(f), (g)–(i), and (j), respectively, for the
parameter setting used in figure 3(c) with γ 2 = 0.4, 0.53, and 2.75. Note that γ 2 = 0.53 and 2.75 give the
maximum and minimum of β̄ G in figure 3(c), respectively.
The Wigner distributions are localized around the two fixed points as in the semiclassical case, but the
ellipse connecting them is strongly compressed and deformed, reflecting the quantum effect; they are
concentrated in the phase-space region where the average number of photons are smaller. However, as can
5
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Figure 3. Results in the weak quantum regime. (a)–(c) Normalized degree of coherence β̄ G vs nonlinear damping constant γ 2
(intensity of the quantum fluctuations). (d)–(f) Wigner distributions for γ 2 = 0.4 (d), 0.53 (e), 2.75 (f). (g)–(i) Elements of the
density matrix with respect to the number basis for γ 2 = 0.4 (g), 0.53 (h), 2.75 (i). (j) Power spectra for γ 2 = 0.4 (thin blue),
γ 2 = 0.53 (thin red) with the approximated Gaussian mixed model (dotted red), and γ 2 = 2.75 (thin green). The other
parameters are ηeiθ = 2, ∆ = 3.825 (a), ηeiθ = 3, ∆ = 5.8 (b), and ηeiθ = 7, ∆ = 13.65 (c)–(m). The parameter γ 1 is
fixed at 1.

be seen from figures 3(g)–(i), the elements of ρ still take non-zero values up to considerably high energy
levels, suggesting that the discreteness of the energy spectrum is still not dominant in this regime.
The power spectra shown in figure 3(j) differ from those in the semiclassical regime (figure 1(g)) in
several aspects. First, the peak heights of the power spectra in this regime are two orders of magnitude
smaller than the previous semiclassical regime, because the system is in the lower energy states with stronger
quantum fluctuations on average. Second, as we stated previously, the power spectra in this regime have two
distinct peaks, in contrast to those with a single peak in the semiclassical regime. Despite these differences,
the overall dependence of the normalized power spectra on γ 2 in figure 3(j) is qualitatively similar to those
for the semiclassical case shown in figure 1(g).
Although the approximation by the semiclassical SDE (3), which is derived by neglecting the third-order
derivatives in equation (2), is quantitatively inaccurate in the present case, we can still depict the time
evolution of a single trajectory of the approximate SDE as long as D takes a positive value, which helps us
obtain a qualitative picture of the system dynamics in this regime. This is possible up to γ 2 ≈ 0.5 where D
remains positive in the present system; at γ 2 = 0.53 where β̄ G takes the peak value, D becomes negative and
we can no longer consider the classical trajectory even in the approximate sense.
Figure 4 shows approximate evolution of a single trajectory obtained as above for γ 2 = 0.5 after the
initial transient. In figure 4(a), the trajectory is plotted on the x–p plane. As the system in the classical limit
is slightly below the SNIC bifurcation, there are two stable fixed points represented by the red dots, and the
system exhibits stochastic oscillations between these two points as shown by the blue curve. Note that the
dynamics is much faster than the previous semiclassical case in figure 2. The trajectory is strongly deformed
and appears to be jumping between the two fixed points, in contrast to the semiclassical case where it was
ellipsoidal. The time evolution of x and p in this case are plotted in figures 4(b) and (c), showing noisy
switching between the two fixed points induced by the quantum fluctuations.
The appearance of double peaks in the power spectrum (figure 3(j)) can be understood as follows. In the
previous semiclassical case, the system exhibited circular, counter-clockwise stochastic rotations, and this
directionality of rotation is reflected in the power spectrum containing mainly positive-frequency
components peaked at the characteristic frequency ω p (figures 1 and 2). In the present case, in contrast, the
effect of squeezing leads to strongly asymmetric Wigner distributions and nearly straight-line approximate
stochastic trajectories connecting the two fixed points in the classical limit as observed from figures 3(d)–(f)
and 4. Consequently, the power spectrum contains comparably large negative frequency components
around −ωp in addition to the positive-frequency components around ω p . A small additional peak at a
6
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Figure 4. Time evolution of a single trajectory of the approximate semiclassical SDE (3) in the weak quantum regime with
ηeiθ = 7, ∆ = 13.65, γ 1 = 1, and γ 2 = 0.5. (a) Trajectory on the x–p plane for 0 " t " 10 (blue curve). Stable fixed points in
the classical limit are indicated by red dots. (b) Time evolution of x. (c) Time evolution of p.

negative frequency −ωp in the power spectrum on top of a large peak at ω p is also observed in the
asymmetric limit-cycle oscillations of the quantum vdP oscillator subjected to squeezing in the semiclassical
regime [39].
It should be stressed that, though the dynamics of the system in these quantum regimes with relatively
large γ 2 cannot be accurately described by the semiclassical picture, the degree of coherence β̄ G obtained by
direct numerical simulations of the master equation clearly takes a peak value when plotted against γ 2 as
shown in figures 3(a)–(c). These results indicate that the present system exhibits coherence resonance also
in the quantum regime with moderately strong quantum fluctuations, where no semiclassical counterpart
exists.
3.3. Strong quantum regime
We now consider the strong quantum regime with much larger nonlinear damping γ 2 , where only a small
number of energy states participate in the system dynamics.
First, figures 5(a) and (b) show the overall dependence of the degree of coherence β̄ G on γ 2 for several
parameter settings of the squeezing ηeiθ and detuning ∆ chosen appropriately, including those used in
figure 3. Note that the range of γ 2 is much wider than those in figure 3 and the dependence on γ 2 is plotted
on the logarithmic scale. It is remarkable that β̄ G exhibits the second peak around γ 2 = 28.3 when the
squeezing parameter is η = 2. As we decrease η, this second peak becomes weaker and finally disappears
when η = 0.9 as can be seen in figure 5(a). When we increase η, this second peak tends to be flattened, but
it still persists at η = 7 as can be seen in figure 5(b). Figure 5(c) shows the enlargement of the region near
the second peak of β̄ G for η = 2 on a linear scale.
It should be stressed that this second peak cannot be interpreted using the semiclassical picture because,
if the semiclassical picture is valid, increasing the intensity of quantum fluctuations beyond the first peak of
the coherence resonance simply destroys the regularity of the system. Therefore, we should regard this
second peak as an explicit quantum effect arising from the negative diffusion constant and the third-order
derivative terms in equation (2).
The Wigner distributions, elements of the density matrix, and normalized power spectra in the steady
state are shown in figures 5(d)–(f), (g)–(i) and (j), respectively, where the intensities of quantum
fluctuations (values of the nonlinear damping constant) are γ 2 = 15, 28.3, and 215, and the other
parameters are the same as in the case of η = 2 shown in figure 3(a).
The Wigner distributions are localized around the two classical fixed points as in the previous cases,
which are now very close to the origin because the system is in the lower energy state as a result of the
strong nonlinear damping. The Wigner distributions is slightly asymmetric at γ 2 = 15 (figure 5(d)) and
tends to be symmetric as γ 2 is further increased (figures 5(e) and (f)) and the classical fixed points
approach each other. We can also observe in figures 5(g)–(i) that the matrix elements of ρ are mostly close
to zero except for several elements whose energy levels are close to the ground state. This indicates that only
a few energy levels participate in the system dynamics and the discreteness of the energy spectra can play
dominant roles in this regime.
The steady-state density matrix possesses several non-small elements at γ 2 = 15 as shown in figure 5(g),
which corresponds to the Wigner distribution in figure 5(d). At γ 2 = 28.3 around the second peak, only
four matrix elements, namely, those at |0&%0|, |1&%1|, |2&%0|, and |0&%2| representing transitions among the
lowest three energy states |0&, |1&, and |2& become dominant as shown in figure 5(h). When γ 2 = 215
(figure 5(i)), only the matrix elements at |0&%0| and |1&%1| survive and all other matrix elements are close to
zero. Indeed, the steady-state density matrix practically approaches that of the quantum vdP system in the
strong quantum limit without squeezing, ρ ≈ 2/3|0&%0| + 1/3|1&%1|, in the limit of large nonlinear
7
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Figure 5. Results in the strong quantum regime. (a)–(c) Normalized degree of coherence β̄ G vs nonlinear damping constant
(intensity of the quantum fluctuations) γ 2 . (d)–(f) Wigner distributions for γ 2 = 15 (d), 28.3 (e), 215 (f). (g)–(i) Elements of
the density matrix with respect to the number basis for γ 2 = 15 (g), 28.3 (h), 215 (i). (j) Power spectra for γ 2 = 15 (blue), 28.3
(red) with the approximated Gaussian mixed model (red-dot), and 215 (green). In (a), the other parameters are η = 0.9,
∆ = 1.75 (dark green), η = 1, ∆ = 1.93 (brown), η = 1.5, ∆ = 2.85 (blue), η = 2, ∆ = 3.825 (red). In (b), the other
parameters are η = 2, ∆ = 3.825 (red), η = 3, ∆ = 5.8 (light green), η = 4, ∆ = 7.775 (purple), η = 7, ∆ = 13.65 (dark
gray). In (c)–(j), the parameters are η = 2 and ∆ = 3.825. The parameter γ 1 is fixed at 1 and θ is fixed at 0.

damping γ 2 [36], because the system state approaches the ground state with the increase of the nonlinear
damping γ 2 . This result suggests that the transitions between the ground state, the single-photon state, and
the two-photon state can exhibit strong resonance at the appropriate intensity of the quantum fluctuations
when the effect of the squeezing is strong, yielding the second peak in the degree of coherence.
The dependence of the normalized power spectra on γ 2 in figure 5(j) is qualitatively similar to those of
the previous cases in figures 1(g) and 3(j). In this strongly quantum regime, the peak at −ωp tends to be
lower than the peak at ω p and becomes almost invisible at γ 2 = 215.
From the results for the weak quantum regime in figure 3 and for the strong quantum regime in
figure 5, we conclude that we can observe two peaks in the degree of coherence in the quantum regime with
appropriate parameter settings as γ 2 is increased, where the first peak corresponds to the coherence
resonance also observed in the semiclassical regime, while the second peak is caused by the strong quantum
effect.

4. Discussion
We have demonstrated quantum coherence resonance in a quantum vdP system subjected to squeezing. In
the semiclassical regime, we could interpret this phenomenon on the analogy of classical noisy excitable
systems using SDEs describing the phase-space trajectory. We also confirmed that this phenomenon persists
under moderately strong quantum fluctuations for which the semiclassical description is not valid but still a
large number of energy levels contribute to the system dynamics. Moreover, we demonstrated that the
system can exhibit the second peak in the degree of coherence as the intensity of quantum fluctuations is
further increased, where only a small number of energy levels participate in the dynamics and strong
quantum effect dominates the system.
We think it possible to observe quantum coherence resonance, in principle, in the currently available
experimental setup. The quantum vdP model subjected to squeezing can be experimentally implemented in
the ‘membrane-in-the-middle’ optomechanical setup, where the negative damping and nonlinear damping
terms can be realized by applying lasers detuned to the blue one-photon sideband and red two-photon
sideband, respectively [37, 38], and the squeezing term can be realized by electrically modulating the spring
constant at twice the mechanical frequency [38, 60]. Alternatively, it may also be possible to use ion-trap
8
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systems for the experimental realization of the model in the strong quantum regime [36]. The quantum
coherence resonance can be observed by varying the nonlinear damping parameter and measuring the
power spectrum to evaluate the normalized degree of coherence in these experimental setups.
In quantum coherence resonance, the regularity of system’s response is enhanced by the constructive
effect of the quantum fluctuations. This is in contrast to the case of quantum synchronization discussed in
the previous studies, where the quantum fluctuations had deleterious effect on the quality of
synchronization [36–39]. The relation between the regularity of the system’s oscillatory response and the
intensity of quantum fluctuations determined by the coupling constants with the reservoirs would provide a
guideline for designing experimental setups that realize quantum coherence resonance. As a further
generalization, it would also be interesting to investigate quantum coherence resonance in networks of
quantum excitable systems by extending past studies on networks of classical excitable systems [61–64].
The quantum coherence resonance could bring new insights into possible future applications of
quantum dissipative systems in the growing fields of quantum technologies, such as quantum information,
quantum metrology, and quantum standard.
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